Propagation and attenuation of a cylindrical blast wave in magnetogasdynamics  by Bhutani, O.P
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 13, 565-576 (1966) 
Propagation and Attenuation of a Cylindrical Blast Wave in 
Magnetogasdynamics 
0. P. BHUTANI 
Department of Mathematics, Indian Institute of Technology, Kharagpur, India 
Submitted by N. Coburn 
1. INTRODUCTION 
It was first noticed by Guderley [I] that the gasdynamical equations for 
the flow behind a shock front become amenable to mathematical treatment 
provided the physical variables characterizing the gas in that region are 
distributed similarly at all time. Since then many an attempt has been made 
to find “similar solutions” for the problems of plane, cylindrical, and 
spherical blast waves. The important works in this direction are those of 
Taylor [2, 31, Sakurai [4-61, Taylor [7], and Lin [S]. Taylor [2, 31 has 
integrated numerically the resulting equations for the case of spherical 
blastwave and has determined the structure and the decay law of such a wave. 
Sakurai [4, 51 and Lin [S] h ave extended Taylor’s analysis to the case of 
plane and cylindrical blastwaves. Further, Taylor [7] and Sakurai [6] have 
obtained an exact solution which is one of the large number of similar 
solutions corresponding to a blast wave with constant energy. A general 
account of such problems is also available in the works of Hayes and 
Probstein [9] and Sedov [lo]. 
In magnetogasdynamics, the various attempts in this direction seem to 
be that of Pai [ll], Korobeinkov [12], Greenspan [13], Greifinger and 
Cole [14], Lykodis [15], and Murray [26]. These authors treat the blast as a 
shock wave upon which a uniform flow impinges. The resulting “small” 
perturbations of the uniform flow (of various orders) are then determined 
from the “similarity solutions” of the partial differential flow equations and 
the blast wave speed is found by use of the energy relation (cf. [6, 
p. 1031). 
Another approach is given by Gundersen [17, 181, Anderson [19], and the 
various authors cited by them. Here, as well as in the previous case, solutions 
of the perturbed flow equations are determined by using the shock conditions 
as boundary conditions. The main emphasis is on relating the various 
physical quantities before and after the shock. 
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An altogether different approach to the study of a blast wave in gasdynamics 
which is a generalization of the well known technique of the similar solution 
has been given by Thomas [20]. Th omas has used the compatibility con- 
ditions [21] to obtain the derivatives behind the spherical blast wave caused 
by an atomic or thermonuclear explosion. Further, he has formulated an 
energy hypothesis that determines the blast wave velocity and consequently 
the blast’s radius at any instant without solving a boundary value problem 
(in the magnetic case, the “similarity” method requires the solution of an 
infinite number of boundary value problems [16]). Moreover, Thomas’ 
solution for a very strong blast wave is in agreement with the corresponding 
similar solution obtained by Taylor [2, 31. We have used [22] Thomas’ 
analysis termed as “discontinuity theory approach” to discuss the behavior 
of a cylindrical blast wave caused by a sudden release of energy along a 
straight line of infinite extent in a gas which is assumed to be a perfect 
electrical conductor and subjected to both axial and polar magnetic fields 
(for the derivation of the compatibility conditions) and to only an axial field 
(for the derivation of the blast wave velocity). In particular, we have derived 
in [22] the compatibility conditions of order zero, one, and two, and utilized 
an “energy hypothesis” for determining the blast wave velocity G. As the 
algebra in the derivation of the compatibility conditions is very complicated, 
we only quote here the main results of that investigation and give the 
detailed analysis of the application of the “energy hypothesis” to the entitled 
problem. 
In our last mentioned study, it is shown that the first and second derivatives 
of the physical quantities behind the blast wave are given by expressions which 
are linear in the first derivative of G (for compatibility conditions of order 
one) but quadratic in the first derivative of G (for compatibility conditions 
of order two). Further, unlike the situations of gasdynamics, these derivatives 
behind the shock wave are given by expressions which are irrational functions 
of the shock velocity G. Also, it is shown in [22] that, as in conventional 
gasdynamics, a knowledge of the higher order jump relations is insufficient 
for obtaining the shock speed. This necessitates the introduction of the 
energy hypothesis and hence the present study. 
Using the energy hypothesis, we obtain for the determination of the blast 
wave speed a cubic in Ga, whose analytic solution does not seem possible. 
Accordingly, an explicit value of G is determined under the condition that 
the ratio of specific heats equals two. Further, this value of G is used to 
determine the behavior of pressure distribution for the limiting case of 
indefinitely large radius of the blast wave. The main points of interest are 
summed up in the form of conclusions. 
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2. FUNDAMENTAL EQUATIONS 
For the cylindrical symmetric case, in which all the physical quantities 
depend on two independent variables r (the radial distance) and t (the time), 
and where the velocity vector V and the magnetic field vector H are given by 
v = (4 0, O), H = (0, He, Hz), (2.1) 
the fundamental equations of magnetogasdynamics reduce to (cf. 
W, P. loll) 
(2.2) 
p($+u$ +g la 1 
HO +Zz(W+H,2)+r=0, (2.3) 
~+u~+yp(~+~) =o, (2.4) 
afJ, 
at + $ @He) = 0, (2.5) 
8H 
-$ + ; ; (ruH,) = 0. W-9 
The equation div H = 0 is automatically satisfied. For the case of cylindrical 
blast wave expanding into a gas at rest and subjected to an external magnetic 
field H, , the equations (2.2)-(2.6) hold throughout the cylindrical region ex- 
cept for the boundary Y = R(t), which is the surface of discontinuity of shock. 
On the boundary, where the physical quantities p, p, u, H, , H, suffer 
an abrupt change, the flow is determined by the well known shock conditions 
(cf. [16, p. 1011). Now, if pa ,p,, , He,, Hs, denote the values of density, 
pressure, polar, and axial magnetic fields respectively for the gas at rest and 
p, p, ii, n, , Rz the corresponding values of density, pressure, velocity, and 
magnetic field components just behind the shock front, the shock conditions 
can be put in the form 
poG = ,i5(G - J), (2.7) 
GH, = (G - u)H, WV 
F + +(ii,z + E7,‘) + j(G - U)” = P, + +(He?o + H:J + p,,G2, (2.9) 
++ YPO HB”, + ff,“, 
(Y - l)Po + PO ’ 
(2.10) 
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and G = dR/dt is the velocity with which the shock front propagates in the 
normal direction. In the equilibrium state ahead of the shock, the energy 
relation is given by 
1 Hjo 
p, + z (Hi0 + HZJ + r dr = const. (2.11) 
Unlike the situations of gasdynamics it is not possible to express in a 
simple form1 the jumps of all the physical quantities in terms of the known 
atmospheric conditions and the shock velocity. Instead we get 
[u] &L(+-$-$) 
(y+l) 
1 - 
2(r + 1) [I 
(y - l)G + 2 $ + +I” 
+ ; 8(2 - Y)(Y + 1)~~o-j”~ (2.12) 
where [ ] denotes the change in the enclosed quantity in crossing 
the surface of discontinuity ([p] = $ -p, etc.). Also, us is the speed 
of sound in the undisturbed gas and p, is the magnetic pressure 
alI2 = (‘YPolpo), pH, = $(H; + H:J- 
Expressing the jumps in the remaining quantities in terms of the jump 
of the velocity, we find from (2.7)-(2.10) 
[p] = p,,Gzi - P&(2G - ii)(G - ii)2, (2.13) 
[p] = p&G - n)-l, (2.14) 
[Ho] = H&G - n)-l, (2.15) 
[Hz] = H&G - S)-l. (2.16) 
To find the higher derivatives (say second or third) behind the shock 
surface, we have to differentiate the equations (2.2)-(2.6) with respect to t 
(once or twice)and use the compatibility conditions of second or of third order. 
’ Here, by a simple form, we mean the expressing of jumps as rational functions 
of G. 
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This determines the higher order derivatives behind the shock surface in 
terms of G and its derivatives. But this procedure exhausts all the conditions 
at our disposal and leaves G and R as arbitrary functions of the time variable. 
Accordingly, to determine G, we must look for some characteristic property1 
of the blast phenomenon. In the present case, we make use of the energy 
hypothesis’ as postulated by Thomas (cf. [22, p. 6141). 
3. ENERGY HYPOTHESIS AND THE DETERMINATION OF 
BLAST WAVE VELOCITY 
For the gas under examination, the total energy consists of three parts: 
(i) $9, the kinetic energy per unit mass, (ii) (HO2 + H,2)/2p the magnetic 
energy per unit mass, and (iii) U = C,T = {p/(r - 1)~) the compressional 
or internal energy per unit mass. For the electromagnetic interaction with 
the gasdynamical field, an account should also be taken of the electric field 
energy. But, under the usual hydromagnetic approximations, this can be 
shown to be much smaller than the magnetic energy (cf. [23, p. 3551) 
and hence is neglected. Now if E denotes the total energy per unit mass per 
unit length of the cylinder, then 
(3.1) 
Further, if Q denotes the energy released by an explosion, then the energy 
within the expanding cylinder of radius R(t) and volumne V(t) should consist 
of the energy Q plus the energy derived from the undisturbed gas which is 
continually being drawn into the cylinder. Hence we have (also Appendix A) 
j=,,, PE dv = Q + I,,,, P&O dv (3.2) 
where E,, is the corresponding energy of the undisturbed gas. NOW for the 
sake of simplicity we assume that the undisturbed gas with constant thermo- 
dynamical properties is being pervaded only by the constant axial magnetic 
field Hz, ; He, being zero. Under this restriction we neglect Ho and con- 
sequently the induced energy in Eq. (3.1). Further we assume that the mass 
per unit length added to the cylindrical region R(t) by the explosion is either 
zero or negligible. Hence, the mass is constant or 
I v(t) P a’ = j-,, PO a’ = r’R2po (3.3) 
1 As pointed out earlier, this indeterminacy is inherent in the theory of discontintities 
where all the quantities behind the surface of discontinuity Z(t) (say) are expressed 
either in terms of the velocity of Z(t) or in terms of a suitable shock strength para- 
meter. 
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Multiplying Eq. (3.3) throughout by IC,, , we get 
s s R(f) E,,p dV = 277 VW Eopr dy = rrR2poE, 0 (3.4) 
where the right member gives the energy within the cylinder which arises 
from the undisturbed gas. 
From (3.4), it follows that the energy derived from the undisturbed gas, 
within a cylindrical shell of radius Y and thickness dr and length unity, is 
given by 27rE,,pr dr where p is the density of the gas in the shell. 
Now if AR be the increase in the radius R(t) in the time At and if AQ be 
the energy derived only from the energy released by the explosion, and is in 
the cylindrical shell of thickness AR at time (t $ At), then we have for 
AQ the energy hypothesis: 
The energy AQ is: (a) proportional to the total energy Q released by the 
explosion; (b) proportional to the volume A V of the cylindrical shell; (c) inversely 
proportional to the volume V(t) of the cylinder of radius R(t). 
Mathematically we have 
AQ = aQAV -= ciQ2xRAR 
VP) .rrR2 
(3.5) 
where (Y is the constant of proportionality and depends on the specific gas 
under consideration. 
Hence we write (see Eqs. (3.2) and (3.4)) 
olQ2rrRAR 
?i-R2 
+ 2z-E$iRAR = 2rri53.A R (3.6) 
where j is the density of the gas in the shell and E represents the energy 
per unit mass in it. Also, the second term on the left hand side of Eq. (3.6) 
represents the energy contributed by the undisturbed gas. 
Equation (3.6) can be put in the form 
(3.7) 
Further we have (see Appendix B) 
(3.8) 
where (as He, vanishes) 
Px, =P,+@:~=P~~+PH~. (3.9) 
Substituting the values of zi, [E] from Eqs. (2.12) and (3.7), respectively, 
in (3.8), we get (after a detailed simplification) a cubic in G2: 
a,G6 + b,G4 + c2G2 + d2 = 0 (3.10) 
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where the coefficients a2 , b, , c2 , d, are given by 
a2 = aI - (y - 1)2e,2, 
6, = 2a,b, - 4(y - l)a,2e,” - e$e12 - 2(y - 1)2e,d, , 
c2 = b12 + 2a,c, - 4ae4e12 - (y - 1)2 d12 - 2e, d,(4(y - l)a,2 + eo2}, 
dz = 2b,c, - 4(y - l)ae2 di - eo2 d,’ - 8ae4e, dI , 
al = po{do2 + (Y - 1j2), 
bl = Po{eo2 - 4a,2 d,, + 4(y - l)a,“) + PC, do - a,c,“, 
cl = 8poa,4 - 2ae2Pco , 
dI = PC, - 4poae2 
el = Go do 
(3.11) 
ao=g, co = qr + l), do = (Y + 3) 
e. = W - Y)(Y + ~IPH~P;~, P = PH, + a, , a: = yPHop;l. 
From the form of the coefficients of the cubic in G2, it does not seem possible 
to get an explicit value of the shock velocity in terms of the known atmospheric 
condition, the heat produced by explosion, and the radius R(t). To get some 
insight into the problem we consider the particular case in which y (the ratio 
of the specific heats) takes the value two. Under this restriction, G satisfies the 
equation: 
4poG4 - (lop,, + 3ao)G2 - 4p;lPHo(PH,, - 3a,) = 0 
which gives 
(3.12) 
(G2 - 2p;lP,,) = & 13 ($ - 2P~0) 
- 2PHo)’ + 288P,, -$]“‘/ (3.13) 
If the plus sign is used in (3.13), then when the magnetic field vanishes, 
G---f co as R + 0, and our results agree with those of Thomas (cf. [20, p. 6161). 
For y = 2, the equation (2.12) reduces to 
2 c=- G-- 
3 ( 
2 P 
POG Ho 1 
(3.14) 
by use of (2.12) and (3.9). Equation (3.14), along with (2.7) gives, as G 
approaches infinity 
(3.15) 
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For finding the value of constant 01, we write Eq. (3.7) in the form 
Taking the limit as R 4 0 of Eq. (3.16), we get 
(3.17) 
Now following Thomas [20] and assuming that the energy Q is released 
instantaneously into a straight line of infinite extent and making use of 
Eq. (3.15) in (3.17), we get 
a = Lj$l (Jg) = Lii (5) I&l (y-) = 3 Lii (!$k) (3.18) 
We further follow Thomas [22] and assume that the nature of the explosion 
is such that the energy released is distributed unfiromly at the instant at which 
the explosion occurs, that is, @$,,I’) + Q as R --f 0. This is because of the 
fact that (psV) is the mass in the volume I’ and the energy density E0 in Y due 
to other sources than the explosion will vanish in the limit as R + 0. Under 
this condition, Eq. (3.18) gives 01 = 3 
4. PRESSURE DISTRIBUTION 
By eliminating p’, H from Eq. (2.9) by use of (2.7), (2.8), we find: 
I = P&S + PH, - pHoG2(G - zz)-2. 
Elimination of ti between Eqs. (3.14) and (4.1) gives 
(4.1) 
b = litpo(G2 + ~P,%J - ~PH~P~)G~ - h&G2 + 4p;1P,,)2) 
(GZ + ~P,‘PIIJ 
(4 2) 
where G2 is given by Eq. (3.13). 
In order to determine the behavior of the shock when its radius becomes 
indefinitely large, we find that, as R --f co, G is given by (taking the positive 
sign in Eq. (3.13) in accord with our previous convention) 
G2 = (?%) 
PO 
(4.3) 
where A is the Alfven speed. 
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From Eq. (4.3), it follows that the shock velocity approaches the effective 
sound velocity (uo2 + Ae2)l12 in the undisturbed gas as the radius of the blast 
under consideration increases indefinitely. 
Further, in the limit as R -+ co, the equation (4.2) with (4.3) gives 
P =Po* (4.4) 
From Eq. (4.4) we remark: the shock strength approaches zero (or the shock 
decays) as the radius of the cylindrical blast wave becomes indefinitely large. 
Further, with the knowledge of the shock velocity G = dR/dt, we can 
compute the radius of the shock at any instant. 
5. CONCLUSIONS 
The behavior of a cylindrical blast wave caused by an instantaneous energy 
release along a straight line of infinite extent in a conducting gas has been 
analyzed by means of the compatibility conditions (the Rankine-Hugonist 
relations) and an “energy hypothesis”. In the discussion we have assumed 
that the gas in which the blast wave propagates is at rest and subjected to both 
polar and axial magnetic fields. It has been found that, irrespective of the 
strength of the magnetic field, such a blast decays as its radius is indefinitely 
increased and approaches the effective sound velocity in the undisturbed gas. 
Further, to determine the radius of the blast wave at any instant and to 
compute the flow field within it, an explicit expression (for y = 2) for the 
shock velocity is found. The derivatives (for all y) of the various physical 
quantities behind the shock can be determined [22]. 
APPENDIX A 
Here we give a proof of the following statement: The two integrals in 
Eq. (3.2) must differ by a constant. 
Substituting the values of E and E, from Eq. (3.1) and (3.2) and differ- 
entiating both members of the resulting equation with respect to the time t, 
we get (keeping He and He, equal to zero) 
--&J + ; Hz2) r dr = (+ + -$) RG. (A.l) 
On simplification, the equation (A.l) yields 
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Substituting the values of the time derivatives from Eqs. (2.2)-(2.6) in 
(A.2), we get 
1 R(1) a 
-- 
s 2 0 
ar (pm3) dr - -& j”‘“’ o ; (rup) dr - jIct’ ; (YIN,“) dr 
+RG(++ -&$ + ; @) = i-&-9, + ; H&j RG. (A.3) 
On integration, Eq. (A.3) gives 
= 
i 
PO % -fT RG 
Y--I ) (A.4) 
which further reduces to 
(A.5) 
Substituting the values of [p], j, i?, of (2.13)-(2.16) into (A.5), we obtain 
a cubic in 6, one of whose factors is (U - G). The remaining factor is a 
quadratic, which is an identity because of (2.12). To verify this last result 
requires a lengthy but direct computation. 
APPENDIX B 
Writing Eq. (2.10) in the form 
; (G _ 42 + (y z l)p + ( ‘0’ 4 ‘zz _ Hk 2;oH:, ) + f&z +$ If,2 
++ YPO ff& + H:o 
(Y-UP,+ 2Po (B-1) 
and using Eq. (2.9) in it, we get 
I 
a? + fl2 He2, + Hz” - _ q + 
2p - a30 t + (y 5)f5 
+~]~o+~H~~+~H~~+~oGa-~-~(G-~)2~ 
++ YPO 
(Y - 1)Po 
+;H;O+;H;O++- 03.4 
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which further reduces to 
=~f-~)G2+~~~.+~(~~o+~~o~~. 
Equation (B.3) can be written as 
(B.3) 
&ii + - I 
IT,2 + IQ 
2F + (y p l)jj - I I 
H:o + Htc, 
2Pcl 
+ 
(Y %Po I 
=~a+l,(~-n~+~~r-G(G--)+1~~~~. 
P& 
(B.4) 
Using Eq. (3.1) in (B.4), we get 
[lq = Ii2 + &P& (B-5) 
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